by Kevin Hutchinson (Dublin) 0. Introduction. Since Z is a principal ideal domain, every finitely generated torsion-free Z-module has a finite Z-basis; in particular, any fractional ideal in a number field has an "integral basis". However, if K is an arbitrary number field the ring of integers, A, of K is a Dedekind domain but not necessarily a principal ideal domain. If L/K is a finite extension of number fields, then the fractional ideals of L are finitely generated and torsion-free (or, equivalently, finitely generated and projective) as A-modules, but not necessarily free. Beginning with some classical results of Artin and Chevalley (Propositions 1.1 and 1.2), we give some criteria for the existence or nonexistence of A-bases for ideals in L or for the ring of integers of L in the case where L/K is unramified (Theorem 1.10 and Corollary 2.3). In particular, we show how the existence of an integral basis is (under mild hypotheses) determined by purely group-theoretic properties of the Galois group of the normal closure of L/K. We prove the main results for arbitrary finite separable field extensions L/K. The arguments were suggested by reading [4].
that L/K is a finite separable extension of fields of degree n. Let B be the integral closure of A in L. Then B is a Dedekind domain and any fractional ideal I of B is an A-lattice of rank n. We recall the following basic results on the Steinitz class of such a lattice: 
where J is a fractional ideal of A representing the ideal class c(B).
(For proofs, see [3] .) Here are some simple corollaries: We will give an explicit example below of an extension of number fields L/K where no fractional ideal of L has a basis over the ring of integers of K (Example 1.14).
Recall that if no prime of A ramifies in B, then δ B/A = A. 
Suppose now that θ is a primitive element for L/K. Let E be the normal closure of L/K and let G be the Galois group of E/K, H the Galois group of E/L. Let {σ 1 , . . . , σ n } be a set of representatives for the elements of the coset space G/H.
, then B has an A-basis if and only if α ∈ K.
in K and hence B is A-free by 1.7 (without the added hypotheses on squares of units). Conversely, suppose that B is Afree. Then α
Note. The condition on units U (B)
is not very restrictive. In the number field case, for instance, there are only finitely many quadratic extensions of the field K of the form K( √ u)/K where u is a unit of K and the condition simply says that any such extension is not contained in L.
Recall that if σ is a permutation of the set {x 1 , . . . , x n }, then σ is an even permutation if and only if
We will say that the group G acts evenly on the G-set X if each element of G acts on X as an even permutation. Otherwise we will say that G acts oddly on X.
Lemma 1.9. Let G be a finite group and H a subgroup of odd order. Then G acts oddly on G/H if and only if the Sylow 2-subgroups of G are nontrivial and cyclic.
P r o o f. Since every element of odd order in a permutation group is even, G acts oddly on a set X if and only if some element of G of 2-power order acts oddly. Suppose that σ ∈ G, σ = 1 has 2-power order and let C be the cyclic subgroup of G generated by σ. Let τ ∈ G and consider the orbit of τ H ∈ G/H under C. The stabilizer of C on τ H is C ∩ τ Hτ This generalises the result (see [3] ) that if L/K is Galois, unramified of odd degree, then B has an A-basis. However, here is an example of an unramified extension L/K of odd degree for which B is not free as an Amodule. 
Since S 3 acts oddly on S 3 /H, α ∈ K and thus B is not a free A-module by 1.8.
If [E :
L] = |H| is even, then 1.9 is easily seen to fail and there is no simple criterion for G to act oddly on G/H. However, in certain circumstances one can provide criteria. We will consider this below.
For the present we specialize to the case where L/K is an extension of number fields and A is the ring of integers of L. In this situation classfield theory allows us to control the norm map N L/K : Cl(B) → Cl(A): 
Then L is the Hilbert classfield of K (see, for example, Cox 
"Odd" group actions.
In this section we prove a few results on oddness of transitive group actions where the stabilizer has even order. In the case where the stabilizer has a normal complement, a criterion for oddness can be given: 
proving the result since r m = |C N (σ Of course we could have stated a more general result using Theorem 2.1 rather than 2.2.
